This technical note questions the validity of a general approach developed by Aristizabal-Ochoa ͑2004͒ for the dynamic analysis of a Timoshenko beam-column with generalized boundary conditions and the nonclassical modes of vibration of shear beams, in particular the theoretical relationship between both models for large values of bending to shear stiffness parameter. A simply supported beam is analytically studied for both models by the author of the discussed paper, and asymptotic solutions are obtained for large values of bending to shear stiffness parameter. Using the particular case of a simply supported beam with zero rotational inertia ͑i.e., r =0͒, the author claims that, "In the general case, it is proven that the shear beam model cannot be deduced from the Timoshenko model, by considering large values of bending to shear stiffness parameter. This is only achieved for specific geometrical parameter in the present example." Finally, the author concludes based on his asymptotic solutions of the simply supported beam with zero rotational inertia that "the capability of the shear model to approximate Timoshenko model for large values of bending to shear stiffness parameter is firmly dependent on the material and geometrical characteristics of the beam section and on the boundary conditions."
This technical note questions the validity of a general approach developed by Aristizabal-Ochoa ͑2004͒ for the dynamic analysis of a Timoshenko beam-column with generalized boundary conditions and the nonclassical modes of vibration of shear beams, in particular the theoretical relationship between both models for large values of bending to shear stiffness parameter. A simply supported beam is analytically studied for both models by the author of the discussed paper, and asymptotic solutions are obtained for large values of bending to shear stiffness parameter. Using the particular case of a simply supported beam with zero rotational inertia ͑i.e., r =0͒, the author claims that, "In the general case, it is proven that the shear beam model cannot be deduced from the Timoshenko model, by considering large values of bending to shear stiffness parameter. This is only achieved for specific geometrical parameter in the present example." Finally, the author concludes based on his asymptotic solutions of the simply supported beam with zero rotational inertia that "the capability of the shear model to approximate Timoshenko model for large values of bending to shear stiffness parameter is firmly dependent on the material and geometrical characteristics of the beam section and on the boundary conditions."
The author is congratulated for studying the free vibration of beams. However, it is unfortunate that the author uses a degenerate beam model to prove that the general approach developed by Aristizabal-Ochoa ͑2004͒ for the dynamic analysis of a Timoshenko beam-column with generalized boundary conditions and the nonclassical modes of vibration of shear beams is in some way incorrect. The main objective of this discussion is to show that ͑1͒ it is incorrect to assume a Timoshenko beam with r = 0 and still expect that it is capable of predicting the free vibration of the Timoshenko shear model for large values of bending to shear stiffness parameter; and ͑2͒ the conclusions based on the asymptotic solutions presented by the author are not correct because they are based on a free-vibration analysis of a degenerate Timoshenko beam.
What follows is the proof that it is incorrect to assume that the rotational inertia can be simply ignored in the free-vibration analysis of shear beams and to expect that the natural frequencies and modal shapes are correct. Kausel ͑2002͒ elegantly proved this point in shear beams with unrestrained or partially restrained ends against rotation of the cross sections, showing that the classical solutions ͑which are based on r =0͒ violate the principle of angular moment.
This argument can be easily proved using the governing equations of the Timoshenko beam model presented by the author 
͑3͒
where C s = transverse shear wave velocity. However, in the classical analysis of shear beams it is assumed that ‫ץ‬y / ‫ץ‬x = ; ‫ץ‬ 2 / ‫ץ‬x 2 =0 ͑since ‫ץ‬ / ‫ץ‬x =0͒ and r = 0. As a consequence, Eq. ͑2͒ is totally ignored because each one of the three terms of Eq. ͑2͒ is equal to zero. This explains the claims by Kausel ͑2002͒. Shear beams based on the classical Bernoulli and Euler theories are definitely degenerate systems becoming evident mostly when the member is free-free and pinned-free at very low values of r, see Figs. 3 and 5 of Kausel ͑2002͒ and also Figs. 2-6 of Aristizabal-Ochoa ͑2004͒.
On the other hand, in a Timoshenko shear beam, Eq. ͑2͒ remains unchanged. Now, knowing that M =−EI‫ץ‬ / ‫ץ‬x, Eq. ͑2͒ can be written as follows:
Eqs. ͑3͒ and ͑4͒ are identical to those developed by Kausel ͑2002, p. 664͒ for Timoshenko shear beams ͑when the effects of body forces are neglected͒. Kausel shows that ͑1͒ Eq. ͑4͒ must be satisfied, and, together with Eq. ͑3͒ and the boundary conditions, the natural frequencies and corresponding modes of vibration can be determined directly; and ͑2͒ the effects of the rotational inertia m r 2 become significant for low values of r and vanish when r tends to infinity ͑preventing the rotation ͒.
Based on this analysis, it is wrong to assume r = 0 for two reasons: 1. Since the term ͐ 0 x ͓m r 2 ‫ץ‬ 2 / ‫ץ‬t 2 ͔dx cannot be equal to zero ͓unless M͑x͒ = M ͑x=0͒ = 0 and ‫ץ‬y / ‫ץ‬x = ͔, then rotational acceleration ‫ץ‬ 2 / ‫ץ‬t 2 must become infinity. This situation is particularly evident in the case of a simply supported shear beam used by the author as proof, since the bending moments at both ends are zero ͓i.e., M ͑x=L͒ = M ͑x=0͒ =0͔. This conflict is similar to that described by Panovko and Gubanova ͑1964, pp. 127-130͒ in the "half degree of freedom" system; and 2. It is not physically possible to build a shear beam with r =0
͑i.e., a beam with its uniformly distributed mass m concentrated along a mathematical line͒. Notice that for the particular case of a simply supported shear beam, the solution to Eq. ͑3͒ along with the two boundary conditions yield the following results: y͑x , t͒ = A sin͑x / C s ͒ sin͑t͒; and lateral frequency =2n ͱ GA s / m L 2 , with n =1,2,3..., where A = peak value of the lateral vibration mode of frequency , whereas the solution to Eq. ͑4͒ yields the following results: ͑t͒ = B sin͑ r t͒ and rotational frequency r = ͱ GA s / m r 2 , where B = peak value of the rotational mode of frequency r . Notice that when r = 0, the rotational frequency r becomes infinity making the rotational acceleration ‫ץ‬ 2 / ‫ץ‬t 2 also infinity ͑as claimed in numeral 1 above͒.
The analyst must be aware of the validity and limitations of any results obtained by models that neglect the combined effects of the rotational and transverse inertias, bending and shear deformations, and axial forces in the stability and vibration analysis of beams and beam-columns, as well as shear beams and shear beam-columns. Complete analyses of the free vibration and stability of a Timoshenko shear beam-column and of a cantilever shear building with generalized end conditions using extended versions of Eqs. ͑1͒ and ͑2͒ have been presented recently by Aristizabal-Ochoa ͑2007a,b͒.
Discussion of "On the Comparison of Timoshenko and Shear Models in Beam Dynamics" by Noël Challamel
October 2006 The original paper discussed here deals with the natural frequencies of a simply supported Timoshenko beam, a structure that adds both shear deformation and rotational inertia to the bending deformation and translational inertia of the classical Euler beam. Regrettably, the results are marred by three conceptual problems that obfuscate the presentation.
First is an outright error that appears in Eq. 8͑b͒ in the original paper, where the author uses as boundary conditions the expression ͑0͒ = ͑1͒ = Љ͑0͒ = Љ͑1͒. The last two of these are erroneous because the slope of the neutral axis does not equal the rotation of the cross section when the shear deformation is included. Indeed, using the paper's notation, this can also be seen by rewriting Eq. ͑1a͒ in the original paper as
which for harmonic vibration in a mode can be written in the dimensionally homogeneous form
This is the equation that must be used to impose the second boundary condition for a simple support at either end when choosing to formulate the problem purely in terms of the transverse deflection.
Second, it appears that to obtain the natural frequencies, the author may have simply started with the modal shape expressed in terms of trigonometric functions containing the four roots of the wave propagation problem ͓Eqs. ͑14͒ and ͑17͒ in the original paper͔, chosen zero values for three of the four constants on account of boundary conditions, and used the sole remaining term to find the frequencies of the beam. While in the particular case of simple support considered in the paper this has no consequences, in general such an approach is not appropriate. Instead, one must use all four boundary conditions and solve a 4 ϫ 4 transcendental eigenvalue problem to find the undetermined constants and frequencies.
Third, inasmuch as this problem is characterized by two degrees of freedom at each point ͑y , ͒, the modes should include information about the rotation as well as the translation to differentiate modes with identical eigenvalues or similar modal shapes. To clarify matters, rewrite once more Eq. ͑1͒ in the original paper in a dimensionally homogeneous matrix form as
͑4͒
For a simply supported beam, the boundary conditions at either end are y = 0 and Ј = 0. To solve this problem, assume a wave propagation solution of the form
in which y is a shape vector to be determined, and is a dimensionless wavenumber. Denoting with primes a differentiation with respect to x, this implies ü =− n 2 u, uЈ = iu, uЉ =− 2 u. Substituting these into the differential equation, one obtains the characteristic equation for free waves with frequency n as
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Defining the dimensionless frequency parameter
This characteristic equation has nontrivial solutions only if the determinant of the matrix is zero, that is, if
which after expansion leads to the biquadratic equation
which can be shown to be a hyperbola in b n 2 ͑ 2 ͒. Provided s 2 0, the two roots of Eq. ͑10͒
which implies in turn four solutions = ±␣ , = ±␥. These are the wave numbers of waves with frequency n that can propagate in an as yet unbounded Timoshenko beam. A plot of the four wave numbers against the frequency would provide the dispersion spectrum for such a beam. Also, the two roots 2 = ␣ 2 , 2 = ␥ 2 Ͻ␣ 2 in Eq. ͑11͒ satisfy the properties of quadratic equations
Eq. ͑11͒ agrees with Eqs. ͑11͒, ͑13͒, and ͑16͒ in the paper, except that for convenience m = i is used here, a choice that changes only the appearance but not the substance of the solution. At low frequencies b n Ͻ ͑Rs͒ −1 , the expression for ␥ 2 in Eq. ͑11͒ gives a negative result, in which case ␥ is a purely imaginary number ␥ = i␤, which represents evanescent waves.
Associated with each solution ␣ 2 , ␥ 2 there exist modal frequencies that can be extracted from Eq. ͑10͒. This corresponds to Eq. ͑19͒ in the original paper, but beyond this equation, the author did not provide any further details on how frequencies must be assigned to the modes. 
͑13͒
When these two solutions are plotted in terms of y = b n 2 R 2 s 2 and x = 2 ͑allowing for both positive and negative values of x͒, one observes a hyperbola that is fully contained in the upper halfplane y ജ 0, comes down and is tangent to the x-axis at the origin, swings around and crosses the y-axis at y =1 ͑that is, for b n 2 = ͑Rs͒ −2 ͒, and rises thereafter, ͑Fig. 1͒. A second hyperbola can also be found in the lower half-plane, but it corresponds to imaginary frequencies, so it is nonphysical. Of the two branches of the hyperbola that lie in the first quadrant, one can refer to the lower one as the ␣ branch and the upper one as the ␥ branch. Also, the loop in the second quadrant defines the ␤ branch, which corresponds to imaginary wave numbers ͑evanescent waves͒.
The reason is that if in this plot one draws a horizontal line at some arbitrary height, it cuts the hyperbola at two points, and since ␣ 2 Ͼ␥ 2 , it can be seen that the point on the right must lie on the ␣ branch, while the point on the left lies on either the ␤ or ␥ branches. Also shown in Fig. 1 is a dotted straight line that defines the halfway point ͑i.e., the average͒ of the two branches. This line is a graphic representation of Eq. ͑12b͒, normalized so that
Hence, any valid solution to the Timoshenko beam problem with some boundary conditions follows from either of the two forms
provided that either ␣ or ␥ are actual solutions to the beam with appropriate boundary conditions. On the other hand, for b n 2 Ͻ ͑Rs͒ −2 , ␥ = i␤, in which case the ␥ branch transitions to a ␤ branch given by
A central argument in the original paper is that the shear beam frequencies cannot be recovered from those of the Timoshenko beam. This is not the case. To demonstrate this fact for any boundary conditions, it suffices to reconsider the dimensionless parameters while taking into account that m = A, where is the mass density, and that the shear area A s is nearly equal ͑or of the same order of magnitude͒ as the cross section A. Hence, if is the Poisson's ratio, then
in which n is a dimensionless frequency normalized in a manner appropriate for a shear beam, and C s is the shear wave velocity. Now, to arrive at the shear beam, it is necessary to set the rotational stiffness infinitely high, that is, the radius of gyration must be infinite, or R → ϱ, and in the light of Eq. ͑17͒, s tends to infinity at exactly the same rate as R, since they are proportional. From Eq. ͑14͒ ͑the ␣-branch is the sole branch remaining after R → ϱ͒, one can see that if one keeps only the dominant terms in R and s and takes into account that s 2 Ͼ R 2 ͑for the proper choice of the sign when taking the square root͒, then
that is, n 2 = ␣ 2 . For instance, in the case of a simply supported shear beam, ␣ = n, implying n = nC s / L, which is the correct result. No assumptions on s / R are made other than s / R Ͼ 1 ͑which holds for most beams͒, and the validity of the resulting limit is true for all frequencies ͑i.e., any n͒ and any boundary conditions. A different matter altogether is the question of whether or not true beams behave mainly as Euler beams, Timoshenko beams, or shear beams. The answer will depend strongly on geometry and construction of the beams ͑solid beams, closed or open tubes, thin-walled members, truss beams, symmetry properties of the cross section, support conditions, slenderness, axial forces, and so forth͒.
Return now to the original problem of finding the normal modes and consider once more the characteristic Eq. ͑9͒ for the natural modes of wave propagation in a Timoshenko beam. In connection with Eq. ͑11͒, this equation yields four eigenvectors
Omitting the common harmonic factor of time, the displacement vector at a point and at a given frequency n can now be expressed in terms of the modes of wave propagation with arbitrary constants c 1 ,¯c 4 as
By a trivial change in the definition of the constants, the components of u can also be expressed as u = ␣͑C 1 sin ␣x + C 2 cos ␣x͒ + ␥͑C 3 sin ␥x + C 4 cos ␥x͒ ͑22͒
Also, the spatial derivative of the rotation is
Applying Eqs. ͑22͒ and ͑24͒, the four boundary conditions at either end of a simply supported Timoshenko beam can be written together as
which constitutes a transcendental eigenvalue problem in the natural frequency. Using the symbolic tools in MATLAB, the determinant of this equation is found to be given by
One solution to Eq. ͑26͒ is ␣ = n, ␣C 1 =1,C 2 = C 3 = C 4 =0 ͑=the "mode" of the transcendental eigenvalue problem͒, the frequency is given by Eq. ͑14͒, the modal translation is u = sin nx, and the modal rotation is = ͑n 2 2 − b n 2 s 2 ͒cos nx. The matching value of either ␥ or ␤ obtained from ␣ via Eq. ͑12b͒ is irrelevant, unless for purely coincidental reasons that value were to make sin ␥ =0 ͑which is unlikely͒.
Another alternative solution is ␥ = n, ␥C 3 =1,C 1 = C 2 = C 4 =0, the frequency is given by Eq. ͑15͒, and again the modal components are u = sin nx and = ͑n 2 2 − b n 2 s 2 ͒cos nx. However, observe that these two modal components are not identical to the modal components for ␣ = n, even if at first glance they may look the same. This is because a different formula is used to determine b n 2 , so the rotation has different amplitude, and very likely also different phase.
Finally, consider the case of low frequencies when ␥ is purely imaginary ␥ = i␤, which changes the trigonometric functions within the second set of parentheses in Eqs. ͑22͒-͑24͒ into hyperbolic functions of ␤ u = ␣͑C 1 sin ␣x + C 2 cos ␣x͒ + ␤͑C 3 sinh ␤x + C 4 cosh ␤x͒ ͑27͒
The determinant associated with the boundary conditions is now
which admits the solutions ␣ = n and ␤ = 0. The first root is similar in character to the one found before and needs no further consideration. The second root, however, is found by using Eq. ͑16͒ to have the frequency b n = ͑Rs͒ −1 , which is the point at which the ␤ and ␥ branches join together. This corresponds physically to a frequency n = C s / r, where r is the radius of gyration, and C s is the shear wave velocity. With ␤C 3 =1,C 1 = C 2 = C 4 =0, the mode is thus u =0, = ͓0 2 + ͑Rs͒ −2 s 2 ͔cosh 0 = R −2 = constant. As can be seen, this is a purely rotational mode in which all cross sections rotate back and forth about the neutral axis in synchrony ͑pure shear͒ and without any lateral motion. This agrees with one of the nonclassical modes of a simply supported shear beam that allows rotations at both ends ͑Kausel 2002͒.
ginning of his discussion let us think that the reasoning of the technical note would probably merit more equations. It is true that the boundary conditions of Eq. ͑8͒ in the original paper were condensed
͑3͒
Eq. ͑3͒ shows that the assumption s Ͼ R is not sufficient to neglect the second family of vibrations. Eq. ͑3͒ is exactly Eq. ͑33͒ of the original paper for the Timoshenko beam.
Finally, we think that the pure shear mode described at the end of the discussion undoubtedly merits some additional comments. For Case 1 defined in the original paper and characterized by b n Ͻ 1 / Rs, the discusser found two solutions, namely ␣ = n and ␤ = 0, the last of which is also equivalent to b n =1/ Rs. This last solution has to be excluded from Case 1 without any ambiguities ͑as b n Ͻ 1 / Rs͒. Nevertheless, we agree that the case b n =1/ Rs, leading to the pure shear mode ͑Traill-Nash and Collar 1953; Hodges 2007͒, is specific. In this last case ͑and without the assumption that s 2 Ͼ Ͼ1͒, the coefficients m i introduced in Eq. ͑11͒ in the original paper are obtained from the degenerate case m 1 → ± jb n ͱ R 2 + s 2 and m 2 → 0 ͑4͒
Introducing Eq. ͑4͒ into the boundary conditions leads to the frequency equation for a coexistent shear mode ͑with transversal displacements͒
As a consequence, there is coexistence of the pure-shear mode ͑ =0͒, with an additional shear mode ͑ 0͒, for specific values of the ͑R , s͒-parameters
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